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Introductory Remarks on the
Consecutive Reaction

As the simplest consecutive reaction, let us
suppose the reaction:

ky ks
A—>»B—>C, (i)

where &; and %, are the rate constants. let
C4, Cy and Cc represent the respective con-
centrations, and if the initial condition is given
by :

Ci=a, Cuy=Cc=0 when =0, {i1)

it can be demonstrated that,®.®

Comal1 b

f—
- exp (—kt)

ey ol
+k2—k, exp ( kzt}J , (i)

where it is assumed that kyFk.,. It is clear

that the condition
ky > ko (a)
reduces the Eq. (iii) to the form:
Co=a{l—exp (—kt)}. (iii-a)
A:id it is seen that this is equivalent to the

supposition that the overall reaction is control-
led by the process

k2
A—>C. (i-a)

Similarly the condition
ks> by (b)

reduces Eq. {iii) to the form:

(1) 8.Glssstone, “Textbook of Phys. Chemistry’ (1940)
p- 1055.

(2) E.A. Moelwyn-Hughes, « Phys. Chemistry *’ (1940)
p- 526, 639.

Ce=af{l—exp (—k:t)}. (iii-b)
This result can be readily obtained, if we as-
sume that the whole reaction is equivalent to
the process
k,
A—>C. (i-b}

From the above-stated deductions, it can be
readily seen that the velocity of the overall
reaction is approximately equal to the velocity
of the slowest process, i.e. of the rate-deter-
mining step; but comparison of Eq. (iii) with
Eqgs. (iii-a) and (iii-b) clearly shows that this
simplification is not always legitimate.

We have been hitherto accustomed to the
conception that the velocity of the heterogene-
ous reaction in liquid phase, e. g. the electrode
reaction, is governed by the rate of the slower
one of the two processes, i.e. the rate of dif-
fusion of the depolarizer transported from the
bulk of the solution to the electrode surface
and the rate of the electrode reaction of de-
polarizer at the surface. In this article, the
author will discuss a rigorous mathematical
treatment for the rate of heterogeneous reac-
tion, in which neither of the rates of these two
elementary processes can be neglected.

Basiec Theory for the Overall Velocity
of the Electrode Reaction Including
the Diffusion Process

Electrolysis by means of the polarographic
method gives one of the most convenient
methods for the theoretical consideration; wiz.
the applied E. M. F. shows the potential of the
dropping electrode relative to the constant
potential of the impolarizable bottom electrode,
and the depolarizer is obliged to reach to the
dropping electrode surface only by diffusion.
In this way the depolarizer diffuses towards
the electrode surface and then the electrode
reaction takes place; the reaction product thus
produced also moves by thermal agitation.
(When the product is soluble in the electrolytic
solution, it diffuses away into the solution,
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and when the product forms an amalgam with
the electrode mercury, it diffuses into the
electrode.) In general we must consider the
movements of two matters, 1. e., the depolarizer
(denoted by the suffix 1) and the product
(denoted by the suffix 2); and neglecting the
curvature of the electrode surface, the following
two equations hold:

L _ ., P01 o0 _, FC:
o =D, = and ot =D, P~

1

In these equations D; and D, are the diffusion
coefficients and =z; is the distance from the
interface to the solution, and z. is also the
distance from the interface, the sign of which
depends on the nature of the reaction product.
In our case we will suppose that

T=m = —2) (2)

This simplification does not lose the generality
of the mathematical procedure given below
(This corresponds to the case that the cadmium
ion in solution deposits on the mercury
cathode). '

The initial condition is given by

01:*0" C-_g:*Cg When ¢=0, 5}0, {3)

where *C; and *C, are the concentrations in
the body of solution. The boundary condition
is controlled by the electrode reaction and is
manifested by

_aql _ ° oy _a_ci.
D 1 8@ —k‘l 01 k-_g U»_) = .Dz >
when 2z=0, ¢>0, (4)

where k, and k, are the specific rates of the
forward and reverse reactions, respectively, and
°C, and °C, represent the concentrations of the
depolarizer and the reaction product at the
electrode surface (z=0), and are the functions
of time £. In some cases, &, or k; includes the
product of the concentrations of the chemical
species which take part in the reaction. This
boundary condition results from the conception

that the rate of depolarization process is given
by

v =k-°Cy

and that the rate of reverse process is given by
vy = ky+°Cha.

In general this condition depends on the

mechanism of the electrode reaction and is
written in the form:
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ot

D ;‘._ =k,'-°C"—ky - °C"2=—D, Ofr'z -
cx cT

when =0, {>0. (4a)

The physical meaning of Egs. (1) and (4) can
be readily seen, i.e., the depolarizer and the
reaction product move according to the Jaw of
diffusion, but their amount which penetrate
the plane 2=0, 4. e. the velocity of the electrode
reaction is governed by the law of chemical
kinetics, and the flow of materials must be
continuous even at the plane z=0.

In order to integrate the system of differen-
tial equations (1), we will employ the Laplace
transformation® defined by

o
L0z, t)=p f e~ .Cfz, t)-dt =uilz, p).
0

(for i=1, 2.)
Then it is found that

90 =[p-0pe_’"J: +p’./;:‘”‘-05-dz

Eat

= —p*Ci+ pus. (for i=1, 2.)

Hence we obtain the following system of
ordinary differential equations

L (—rey= 28

p‘ _— (5)
_EO Y — 2,

D. (u2—*C2) )

The general integral of these two equations are:

t&l‘:-*CrPA.pGXP (J—I;;—-- )

1

+B1-exp(—J-§Tz) ; o
(6

u, =%C,+4,-exp (\/%—z) - |
2

+Bg-exp(—\/-£ . z) .
2 s

Since u; and u, must be finite even at z—oo,
two constants 4, and 4, must be zero; i.e.,

A1=Az=0 (7)

u1=%C;+B;-exp ("‘v __I% ==) H

Uz =*02 +Bz‘axp (_Jhg— z)
2

() X. W.Wagner, «Operatorenrechnung nebst Anwen-
dungen in Physik und Technlk.” (1940); Japanese Tranals-
tion by H. Tahara (1943) Eagaku-Shinko-Sha.

and

(8)
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Differentiation of these equations gives

2/ o1,

:_B“/_ exp( J-P-- ) 9

Hence from the Egs. (4) and (9), it is found
that

—Bw oDy =k {*C1+By)

—ky(*C.+B2)=BA/pD..  (10)

Thus the two integral constants B; and B,
are found to be

Bi= kl*Cl__kS*Gi .
1== S
VpDrtin -+ D
ke *C —k*C. ) (11
By=-— BGTRTC:

VD kst gl
Accordingly it is shown that
avD, . M _
A AR
-exp (—aw/Ip); |
av'D, .
A A Ip
' -exp (—an/1p); ;
where
I=D\D.:; a=k>*C1—k,*Cu;

I T
M"EDWD, ' BT DWD, "

Now let us perform the inverse transforma-
tion of Eq. (12) in order to evaluate the quan-
tity C; and C.; for this purpose, the following
theorem is valid®:

It L-1f(p)=Alt),

it is found that

L1 (p)=A(t/1),

Further it is known

(14)

where [ is a coefficient.
that

g- -exp (—an/ ) |

E— 1. —
A p

—W(t);

1] {
=l-erdy /v ) (15)

137
W (t)=exp (aA+Aat)
X {1—erf(2 JrW T)} .|

where erf £ is the Gauss’ error function defined
by

2 £
= —t— —dY, .
miE_Jnﬁexl){ 2%)-dz
Accordingly it is found finally that

Ok *C \
3&/1)1 '

vt men( )
X {I—eri(éjup:-_ +sal ¢ )}] . ]
k*Ci—k,*C,

/D,

x [1 —erly —exp(:;?;-):z +s’t) i
X {1 —erf(g—‘?m‘.ﬁ; 454/ ¢ )}] ; J

where s is given by

B-q U= 01 = *C]_

\(16)
LTy, =0, =%+

k k’
s= 17
Vot up,” (17)
Hence it is obvious that the concentrations at
the interface (z=0) are shown by

k™C1—k,*Cs
O = 01— s
' s/ D,
X{l—exp&®t-(1—erfss/¢)};
* * (18)
90 _.=!:Cf -+ klg‘__k_‘: q::_
2 2 SN/D_J

X {1—exps*-(1—erfss/ ¢ )}

Applications of the Theory

{1) In the case that the Reverse Reac-
tion dose not Take Place.—In this case k.
equals zero, and from Egs. (16) and (18) it is
seen that

T
fim 010, (2«/»:?‘)
+ (ﬁk t+ =
exp D, x)

x {l—erfwnfmt +":/“§): )}J i (19)
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. ky? )
lim °C,=%C,- (-—--:
kl.ilo Cy=%*C,-exp D,
x{l—eri(—k-l--f\/T)I . (20)
~D, J
This result can be obtained when we solve the

equation
90\ [ot=D,-FCi[o5* (1)

with the conditions

C,=%C; when t=0, z>0;

oCh

D,——=k.;-C; when ¢>0, z=0.
o

I.e., it can be readily found that the solution
given by Farth® is quite in harmony with
Eq. (19).

(2) The final Concentrations at the
Electrode Surface.—For large value of £, it
can be shown that

N7 (1—erf E) =H(ﬁf—ﬂ5)~exp (=&)
3

2

1. €.,

exp &+ (1—erf &) ~~/’1?--

1 1 3
4 .. 9
X(E 2&3 + 455 ) - (2'-‘]
ﬁence it follows that
. k2(*Ci/ D +*C/ D)
lim °Cy= — -+ 2% Pt RV P —°y(fin.),
tow kin/ Dy +kaa/ D, i(fin.}
(23)
: © k1(*01«/D1+*Cz\/D J o
l .= — —_—— = C-- fin. »
lm "C kw/D,+k/ Dy x(fin.)
(24)
and accordingly it is found that
i G CCilfing ks ox
B oo, Toe,m) T B R

where ky, k,, and the equilibrium constant K
depend on the electrode potential. Thus it is
found that the depolarizer and the reaction
product finally reach to their equilibrium con-
centrations.

(4) R. Fiirth, «Wirmeleitung und Diffusion” in «Die
Differential und Integralgleichungen der Mechanik und
Physik.” Bd. II. Hersusgegeben von Ph. Frank und R. v.
Mises. (1927) 8, 234
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(3) Electro-deposition of Solid Metal or
Alloy on a Solid Cathode.—In this case the
concentration of the deposited material is
considered to show & constant value °C,. Hence
we must solve the equation

801/8£=D1 "{:”01/832 (1)

with the initial condition given by Eq. (3) and
with the boundary condition given by

D, '2;(;1' =k,-C;—k.+°Cs when ¢>0, z=0.

(4b)
And it is found finally that

k*Cy—k,°C oz

(e B
- exp D; .Dl

(1ot g S+, VT )]
(

26)

01 =*C1 =

Hence it follows that

(27)

lim °C,= —2 °g,
fox -Q‘I

i.¢., when the considerable time has elapsed
after the beginning of electrolysis, the equili-
brium concentration is established at the-
interface. .

(4) Current-Time Curves.—

(a) Stationary Electrode.—Ilkovic etc®~11-
have solved the differential equation

z>0; }
z=(),

(28 )

with the condition

= *C 1
€,=°C, (fin.)

when ¢=0,

when ¢>0,

and the result is
C,=°C, (fin.) +{*C,—°C, (fin.)} -erf 97%,
1+

- (29)

(5) D. Ilkovic. Coslection Czech. Chem. Communs., 6, 498
(1934).
(8) D. Ilkovie, Jour. chim. physigue, 35, 129 (1938).
(") D. MacGillavry and E. K. Rideal, Rec. trav, chim.
Pays-Bas, 56, 1013 (1937).
(8) M. v. Stackelberg, Z. Blekirochem., 45, 466 (1939)-
(9 H. Strehlow und M. v. Stackelberg, Itdid., 54, 51
1 .
‘ m T. Kambara, M. Suzuki and I. Tachi, This Bulletin,
23, 219 (1950).
(11) T. Eambars and I. Tachi, This Bulletin, 23, 225
(1950).
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where it is supposed that the concentration of
the depolarizer at the electrode surface shows
a constant value °C (fin.) according to the
electrode potential immediately after the com-
mencement of the electrolysis. From Eq. (29),
it follows that

( WI.) . C O'-_-.ﬁn)
& Jzao NaDit ’

and therefore if ¢ is the surface area of the
electrode, and nF (F: Faraday) is the electri-
city required for the electrolysis of one mol of
the depolarizer, it can be seen that the instan-
taneous current intensity 7 is given by

f—"oin
Dyt ’
(31)

(30)

i=nFqD, (‘io‘ ) =nFqD,
ot Jz=0

i.e., it is shown that
4 00 §—12

(32)

Hence just at the beginning of the electrolysis
the current intensity is given by
frag = 0, (83)

which is clearly an inadequate result.
According to the above-developed theory it
is seen that

i/nFq=k"C1—k,°C,= (k*Cy—k,*Cy)

Xexpsit-(1—erfss/ 7 ), (84)
and therefore it follows that
it o =nFg(k*Cr—k,*C), (85)
which is a quite rational conclusion. On the

other hand, when the long time has elapsed
after the commencement of electrolysis, it is
shown from Eq. (22) that

Dy

P . —r '____‘
1 C‘) NETN,
1
X } o
k, D,
1+ Bt
D,

i=nFy (*01 -

Further, it is seen from Eq. (23) that

k*Cia/ D,—ky*Ci/ D,
k1a/ Dy +k:/ D,

=(="c:I B *c_,,) (1+ \/ D, )

and hence it ¢can be found that

*Cl —DC'[ (ﬁn.) =

i=nFgD{*C1—°C, (fin.)}//zD.t, (36)
which perfectly coincides with Eq. (31). Ana-
logously it can be readily found that

—*0.}//zDyi. (368)

It may be concluded that the boundary condi-
tion given by Eq. (28), and also the expessions
shown by Eqgs. (30) and {31) are merely ap-
proximate formulae representing the limiting
case of our general theory.

On the contrary, when the electrode process
is the rate-determining step, it is seen that k,
and k, are much smaller than /D, and /D,
and so the quantity s given by Eq. (17) is
vanishingly small, 7. e.

i~nFqD.{°C, (fn.)

5=0. (87)

Then it can be seen from Eq. (34) that

'i-"‘inFq (’C 1*01 -‘kg*()g)o (38}
This equation indicates that the overall reaction
rate is nearly equal to the rate of electrode
reaction.
In Fig. 1 {(a) is shown the change of con-
centrations of the depolarizer and the product
with time according to the conditions given by

)

2y

Cy(fin)

(b)
Fig. 1.—Schematic representation of the struc-
ture of diffusion layer. Variation of C-z

curves with time.
Curve (a): The present theory. Curve (b):

Ilkovic theory.



140

Eqgs. (8) and (4), and in Fig. 1 (b) is illustrated
the change which is controlled by the condi-
tions given by Eq. (28). The change of the
diffusion current with time is illustrated in
Fig. 2; curve (a) represents the current inten-
sity given by Eq. (84) and the curve (b) shows
that given by Eq.(86). In the Table are given
the numerical values employed therefor.

L L 1 i 1 Il

1 2 3 4 5 8

Fig. 2.—Current-time curve at the stationary
electrode.

There is no doubt that the general formula
for the linear diffusion current, i.e. Eq. (34),
is reduced to the hitherto employed old for-
mulae shown by Eq. (36) or Eq. (38) according
to the simplification that the overall reaction
rate is equal to either the rate of diffusion or
the rate of electrode process; this is reasonably
comparable to the relation between Eq. (iii)
and the Eqs. (iii-a) and (iii-b).

(b) Dropping Mercury electrode.—Investi-
gations by MacNevin with Balis®® and by
Smith(® ghow that at the instant when the
growth of the new drop has just begun, the
new drop exposes a residual surface. Ilkovie(9
describes in his paper on the theory of polaro-
graphic maxima that at the beginning of the
growth of the new drop, its radius would be
equal to the internal radius of the capillary.
Taking these opinions into account, it may be
supposed that the volume of the mercury drop
V is given by

V=V, -+, (39)
where V), is the residual volume at =0 and »
is the rate of flow of mercury out of the
capillary in cem/sec. Accordingly the radius

(12) W. M. MacNevin and E. W. Balis, J. Am. Chem.
Soc., 65. 660 (1943).
- (18) G. B. Smith, Trans. Faraday Soc., 47, 63 (1951).
(14) D. Ilkovic, Collection Ceech. Chem. Communs., 8, 13
(1936). .
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Table

Numerical Values of Functions Appearing in
Eqs. (34), (36), (42) and (47)

St 8/t f[LOX falDF  fal)* faD*
0 0 1.000,0 oo 1.0000 0
0.000,001 0.001 0.998,9 564.19  0.999,6 5.84Z
0.000,004 0.002 0.997,7 282.10  1.000,4 7.106
0.000,009 0.003 0.996,6 188.06  1.002,6 8.135
0.000,016 0.004 0.995,5 141.05  1.006,1 8.955
0.000,1 0.01 0.988,8 56.419 1.053,7 12.15
0.000,4 0.02 0.977,8 28.210 1.223,7 15.81
0.000,9 0.03 0.967,0 18.806 1.483,4 17.53
0.001,6 0.04 0.9564 14.105 1.808,4 19.30
0.002,5 0.05 0.946,0 11.284 2,180,5 20.79
0.003,6 0.06 0.9358 9.403 2.588,3 22.11
0.004,9 0.07 0.9257 8.060 3.022,3 23.25
0.006,4 0.08 0.9158 7.052 3.477,1 24.32
0.008,L 0.09 0.9060 6.268 3.950,3 25.28
0.01 0.1 0.896,5 5.641,9 4.434 26,18
0.04 0.2 0.809,0 2.821,0 9.617 352.99
0.09 0.3 0.734,6 1.880,6 14.861 37.77
0.16 0.4 0.670,8 1.410,5 19.846 41.57
0.25 0.5 0.615,7 1.128,4 24,499 44.78
0.36 0.6 0.567,8 0.940,3 28.763 47.63
0.49 0.7 0.525,9 0.808,0 32.729 50.09
0.64 0.8 0.480,1 0.705,2 36.365 52.39
0.81 0.9 0.456,5 0.626,8 39,708 54.46
1.00 1.0 0.427,6 0.564,2 42.759  56.42
1.21 1.1 0.40L,7 0.512,9 45.573 58.19
1.44 1.2 0.378,9 0.470,2 48.284 59.92
1.69 1.3 0.357,6 0.434,0 50.762 61.60
1.96 1.4 0.338,7 0.408,0 53.039 63.11
2.25 1.5 0.321,5 0.376 55.202 64.57
2.56 1.6  0.8059 0.352,6 57.241  65.97
2.89 1.7 0.291,7 0.3319 59.171 67.33
3.24 1.8 0.278,6 0.3134 60.998 68.63
3.61 1.9 0.266,5 0.296,9 62.667 69.82
4.00 2.0 0.255,5 0.282,1 64.386 71.08
4.84 2.2 0.235,2 0.256,5 67.282 73.35
5.76 2.4 0.2190 0.2351 70.377 75.55
6.76 2.6 0.207,0 0.217,0 74.018 77.58

*  fiy=exps.(l—erfs,/ 1);
Jalh)= :

Vst '
falty= (1+ % g)zﬁ -exp &%.(1—~erfs,/t);
]

nof ¥ NS o1
2] V=107

of drop at any instant ¢ is shown by

r={8(Vo+ot)/ 4z }1F,

.

and therefore the surface area ¢ of drop is seen
to be
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q=dz-(B/4m P (Vo-rot),  (40)

and the residual surface area gq; is demonstra-
ted by

Qo=4r(8V, /47 )*/. (41)

Hence the instantaneous current intensity at
the dropping electrode is manifested by

2/3
i:nF-qn '(1+ ?f_ t) '(kt*C‘l'— 2*02.)
0

Xexp s-(1—erfsa/ ¢ ). (42)
From this equation, the current which flows
at the instant when the preceding drop has
just fallen off is given by

i 0= NFq(%*C1—ks" C). (43)
According to the Ilkovic theory, it is known
that

i oo /8,
and hence it follows that

g = 0. (44)

Many oscillographic observations,( however,
indicate that the current intensity at t=0 does
not diminish away to zero, but shows a finite,
although small, value. Differentiating Eq. (42)
with respect to the time and putting ¢=0 gives

(di/dt)ng=—o0. (45)

It is required by the Ilkovic theory that
(di/dt)e-o=+ o0, (46)

which does not agree with the oscillogaphic
findings. For the large value of ¢, since of is
much greater than Vy, it follows from Egs. (22)
and (42) that

i=n 4o (8 /47?3 (v£)2-Dy
{*CI_ ocl {ﬁn‘}}/‘\/ﬂle

(47)

which is completely in accordance with the old
theory of Ilkovie,® neglecting the effect of
compressions of the diffusion layer by the
expansion of mercury drop.

It may be concluded that the instantaneous
current at the dropping electrode starts from a
certain small value given by Eq. (43) and at
first decreases rapidly but soon it begins to
increase as indicated by Eq. (42) and finally
becomes asymptotically identical with that
predicted by the Ilkovic theory. Such a course

141

of current change as is reported by McKenzie(®
and by us( is first comprehensible from our
theory which takes the diffusion process and
the electrode reaction into consideration at
the same time.

1 2 3 4 5 6

Fig. 3.—Current-time curve at the
dropping electrode.

In the Table are given the numerical values
of the.functions appearing in Eqs. {42) and
(47). For the sake of simplicity, it is assumed
that s=1 and »/Vo=10% Randles(!® gives the
value 6 xX10~% for the electrode reaction con-
stant of zinc ion in potassium chloride solution.
The internal radius of capillary electrode is said
to be about 20~80 g, and v under the ordinary
condition is about 10~*cc./sec. Curve (a) in
Fig. 8 shows the theoretical current-time curve
plotted according to Eq. (42) and curve (b) is
drawn by Eq. (47). In the above considera-
tions the effects produced by the convection
of solution due to the expansion®~® of drop
and by the curvature®~10 of mercury drop are
ignored; it may be said, however, that the
reason why the current intensity increases very
slowly in the infancy of drop-life is cleared up.

Randles(®) states that the rate constant k
decreases remarkably with the addition of
gelatine. On the other hand, it is well known
that the mobility of an ion, and hence the dif-
fusion coefficient, are hardly effected thereby.("
It is noteworthy that the polarographic current-
time curve is much effected by the addition of
gelatine, as observed by us(®; this will be
elucidated by the above theory which regards
the electrode reaction as an ensemble of the
diffusion and electrode process.

(15) H. A. McEenzie, J. Am. Chem. Soc., 70, 3147(1948). .

(16) J. E. B. Randles, Discuss. Faraday Soc., No. 1., 11
(1047). '

(A7) H.Ulich, “Elektrische Leittihigkeit. Fliissigkeiten
und Liésungen’ in «Hand- und Jahrbuch der chemischen
Physik” h igegel von A. Eucken nnd K. L. Wolf.
Bd. 6/Abschnitt IT. (1933) 8. 150.
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Note:—(1) The investigation by Koutecky
and Brdicka(® on the reaction current is the
direct motive for the present paper. In their
communication the numerical value of the
integral defined by

o
()= j; '8 exp y- (1—erf o/ 7 )-dy

is tabulated, and this tabulation may be con-
venient for the study of the polarographic mean
diffusion current; but it is pointed out that
this table contains some miscalculations.(®
(2) In the monograph by Frank and v.
Mises,®) the special case that is shown by

(18) J. Koutecky and R. Brdicka, Collection Czech, Chem.
Communs., 12, 337 (1947).

(19) J. Koryta, Proceedings of the I, Intern. Polarogra
phic Congress in Prague, Part 1., p. 794, 798. (1951)

(20) Reference 4, p. 237.
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klzk-_::D*; DLSD3=D; *02=0:

is discussed. This condition corresponds to the
problem of diffusion through a diaphragm, and
its conclusion is immediately obtainable from
Eq. (18).

Summary

The differential equation of linear diffusion
was solved with the boundary condition con-
trolled by the chemical kinetics. The result
obtained gives the rate of the consecutive
reaction consisting of the diffusion process and
the electrode process. This theory can explain
the course of the polarographic current-time
curve very well.

Agricultural Chemical Laboratory
Faculty of Agriculture, Kyolo
University, Kyoto




