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     Introductory Remarks on the 

        Consecutive Reaction 

 As the simplest consecutive reaction, let us 

suppose the reaction:

(i)

where k1 and k2 are the rate constants. Let 

CA CB and CC represent the respective con-

centrations, and if the initial condition is given 

by

(ii)

it can be demonstrated that,(1),(2)

(iii)

where it is assumed that k1≠k2. It is clear

that the condition

(a)

reduces the Eq. (iii) to the form:

(iii-a)

And it is seen that this is equivalent to the 

supposition that the overall reaction is control-

led by the process

(i-a)

Similarly the condition

(b)

reduces Eq. (iii) to the form:

(iii-b)

This result can be readily obtained, if we as-

sume that the whole reaction is equivalent to 

the process

(i-b)

  From the above-stated deductions, it can be 
readily seen that the velocity of the overall 
reaction is approximately equal to the velocity 
of the slowest process, i. e. of the rate-deter-
mining step; but comparison of Eq. (iii) with 
Eqs. (iii-a) and (iii-b) clearly shows that this 
simplification is not always legitimate. 

  We have been hitherto accustomed to the 
conception that the velocity of the heterogene-
ous reaction in liquid phase, e. g. the electrode 
reaction, is governed by the rate of the slower 
one of the two processes, i. e. the rate of dif-
fusion of the depolarizer transported from the 
bulk of the solution to the electrode surface 
and the rate of the electrode reaction of de-
polarizer at the surface. In this article, the 
author will discuss a rigorous mathematical 
treatment for the rate of heterogeneous reac-
tion, in which neither of the rates of these two 
elementary processes can be neglected.

 Basic Theory for the Overall Velocity 
  of the Electrode Reaction Including 

        the Diffusion Process 

  Electrolysis by means of the polarographic 
method gives one of the most convenient 
methods for the theoretical consideration; viz. 
the applied E. M. F. shows the potential of the 
dropping electrode relative to the constant 

potential of the impolarizable bottom electrode, 
and the depolarizes is obliged to reach to the 
dropping electrode surface only by diffusion. 
In this way the depolarizer diffuses towards 
the electrode surface and then the electrode 
reaction takes place; the reaction product thus 

produced also moves by thermal agitation. 
(When the product is soluble in the electrolytic 
solution, it diffuses away into the solution,

 (1) S. Glasstoue, "Textbook of Phys. Chemistry" (1940) 
p. 1055. 

 (2) E.A. Moelwyn-Hughes, "Phys. Chemistry" (1940) 
p. 526, 639.
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and when the product forms an amalgam with 
the electrode mercury, it diffuses into the 
electrode.) In general we must consider the 
movements of two matters, i. e., the depolarizer 
(denoted by the suffix 1) and the product 
(denoted by the suffix 2); and neglecting the 
curvature of the electrode surface, the following 
two equations hold:

(1)

In these equations D1 and D2 are the diffusion 

coefficients and x1 is the distance from the 

interface to the solution, and x2 is also the 

distance from the interface, the sign of which 

depends on the nature of the reaction product. 

In our case we will suppose that

(2)

This simplification does not lose the generality 
of the mathematical procedure given below 
(This corresponds to the case that the cadmium 
ion in solution deposits on the mercury 
cathode). 
The initial condition is given by

!3)

where *C1 and *C2 are the concentrations in 

the body of solution. The boundary condition 

is controlled by the electrode reaction and is 

manifested by

(4)

where k1 and k2 are the specific rates of the 

forward and reverse reactions, respectively, and

℃1 and ℃2 represent the concentrations of the

depolarizer and the reaction product at the 
electrode surface (x=0), and are the functions 
of time t. In some cases, k1 or k2 includes the 
product of the concentrations of the chemical 
species which take part in the reaction. This 
boundary condition results from the conception 
that the rate of depolarization process is given 
by

and that the rate of reverse process is given by

In general this condition depends on the 
mechanism of the electrode reaction and is 
written in the form:

(4 a)

The physical meaning of Eqs. (1) and (4) can 
be readily seen, i, e., the depolarizer and the 
reaction product move according to the law of 
diffusion, but their amount which penetrate 
the plane x=0, i. e. the velocity of the electrode 
reaction is governed by the law of chemical 
kinetics, and the flow of materials must be 
continuous even at the plane x=0. 

 In order to integrate the system of differen-
tial equations (1), we will employ the Laplace 
transformation (3) defined by

Then it is found that

Hence we obtain the following system of 

ordinary differential equations

(5)

The general integral of these two equations are:

(6)

Since u1 and u2 must be finite even at x→ ∞,

two constants.A1 and,A2 must be zero; i.e.,

(7)
and

(8)

 (3) K. W. Wagner, "Operatorenrechnung nebat Anwen-
dungen in Phyalk und Teohnik." (1940); Japanese Transla-
tion by H. Tahara (1943) Hagaku-3hinko-Sha.
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Differentiation of these equations gives

(9)

Hence from the Eqs. (4) and (9), it is found 
that

(10)

Thus the two integral constants B1 and B2 

are found to be

(11)

Accordingly it is shown that

(12)

where

(13)

  Now let us perform the inverse transforma-
tion of Eq. (12) in order to evaluate the quan-
tity C1 and C2; for this purpose, the following 
theorem is valid(3):

it is found that

(14)

where l is a coefficient. Further it is known 

that

(15)

where erf ξ is the Gauss'error function defined

by

Accordingly it is found finally that

(16)

where s is given by

(17)

Hence it is obvious that the concentrations at 
the interface (x=0) are shown by

(18)

     Applications of the Theory 

 (1) In the case that the Reverse Reac-
tion dose not Take Place.-In this case k2 
equals zero, and from Eqs. (16) and (18) it is 
seen that

(19)
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(20)

This result can be obtained when we solve the 

equation

(1)

with the conditions

I. e., it can be readily found that the solution 
given by Furth(4) is quite in harmony with 
Eq. (19). 

 (2) The final Concentrations at the
Electrode Surface.-For large value of ξ, it

can be shown that

(21)

(22)

Hence it follows that

(23)

(24)

and accordingly it is found that

(25)

where k1, k2, and the equilibrium constant K 

depend on the electrode potential. Thus it is 

found that the depolarizer and the reaction 

product finally reach to their equilibrium con-
centrations.

 (3) Electro-deposition of Solid Metal or 
Alloy on a Solid Cathode.-In this case the 
concentration of the deposited material is
considered to show a constant value ℃s. Hence

we must solve the equation

(1)

with the initial condition given by Eq. (3) and 
with the boundary condition given by

(4b)

And it is found finally that

(26)
Hence it follows that

(27)

i.e., when the considerable time has elapsed 
after the beginning of electrolysis, the equili-
brium concentration is established at the 
interface. 

 (4) Current-Time Curves.-

(a) Stationary Electrode.-Ilkovic etc(5•`11),

have solved the differential equation

(1)

with the condition

(28 )

and the result is

(29)

  (4) R. Fiirth, "warmeleitung und Diffusion" in "Die 
Differential und Integralgleichungen der Mechanik und 
Physik." Bd. II. Herausgegeben von Ph. Frank und R. v. 
Miles. (1927) S, 234.

  (6) D. Ilkovic. coclection Czech. Chem. Communs., 6,498 
(1934). 
  (6) D. Movie, Jour. chim. physique, 35, 129 (1938). 
  (7) D. MacGillavry and E. R. Rideal, Rec. trav, chim. 

Pays-Bas, 56, 1013 (1937). 

  (8) M. v. Stackelberg, Z. Elektrochem., 45, 466 (1939)-
  (9) H. Strehlow und M. v. Stackelberg, Ibid., 54. 51 
(1950). 

 (10) T. Kambara, M. Suzuki and I. Tachi. This Bulletin, 
23. 219 (1950). 

 (11) T. Rambara and I. Tachi, This Bulletin. 23. 225 
(1950).
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where it is supposed that the concentration of

the depolarizer at the electrode surface shows

a constant value ℃1(fin.) according to the

electrode potential immediately after the com-

mencement of the electrolysis. From Eq.(29),

It follows that

(30)

and therefore if q is the surface area of the 
electrode, and nF (F: Faraday) is the electri-
city required for the electrolysis of one mol of 
the depolarizer, it can be seen that the instan-
taneous current intensity i is given by

(31)
i, e., it is shown that

(32)

Hence just at the beginning of the electrolysis 
the current intensity is given by

(33)

which is clearly an inadequate result. 

 According to the above-developed theory it 

is seen that

(34)

and therefore it follows that

(35)

which is a quite rational conclusion. On the 
other hand, when the long time has elapsed 
after the commencement of electrolysis, it is 
shown from Eq. (22) that

Further, it is seen from Eq. (23) that

and hence it can be found that

(36)

which perfectly coincides with Eq. (31). Ana-
logously it can be readily found that

(36a)

It may be concluded that the boundary condi-
tion given by Eq. (28), and also the expessions 
shown by Eqs. (30) and (31) are merely ap-
proximate formulae representing the limiting 
case of our general theory. 
 On the contrary, when the electrode process 

is the rate-determining step, it is seen that k1
and k, are much smaller than√D1 and√D2

and so the quantity s given by Eq. (17) is

vanishingly small, i. e.

(37)

Then it can be seen from Eq. (34) that

(38)
This equation indicates that the overall reaction 
rate is nearly equal to the rate of electrode 
reaction. 

 In Fig. 1 (a) is shown the change of con-
centrations of the depolarizer and the product 
with time according to the conditions given by

Fig. 1.-Schematic representation of the struc-
 ture of diffusion layer. Variation of C-x 
 curves with time. 
 Curve (a): The present theory. Curve (b): 
 Ilkovic theory.
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Eqs. (3) and (4), and in Fig. 1 (b) is illustrated 
the change which is controlled by the condi-
tions given by Eq. (28). The change of the 
diffusion current with time is illustrated in 
Fig. 2; curve (a) represents the current inten-
sity given by Eq. (34) and the curve (b) shows 
that given by Eq. (36). In the Table are given 
the numerical values employed therefor.

Fig. 2.-Current-time curve at the stationary 

               electrode.

 There is no doubt that the general formula 
for the linear diffusion current, i. e. Eq. (34), 
is reduced to the hitherto employed old for-
mulae shown by Eq. (36) or Eq. (38) according 
to the simplification that the overall reaction 
rate is equal to either the rate of diffusion or 
the rate of electrode process; this is reasonably 
comparable to the relation between Eq. (iii) 
and the Eqs. (iii-a) and (iii-b). 

 (b) Dropping Mercury electrode.-Investi-
gations by MacNevin with Balis(12) and by 
Smith(13) show that at the instant when the 
growth of the new drop has just begun, the 
new drop exposes a residual surface. Ilkovic(14) 
describes in his paper on the theory of polaro-
graphic maxima that at the beginning of the 
growth of the new drop, its radius would be 
equal to the internal radius of the capillary. 
Taking these opinions into account, it may be 
supposed that the volume of the mercury drop 
V is given by

(89)

where V0 is the residual volume at t=0 and v 
is the rate of flow of mercury out of the 
capillary in ccm/sec. Accordingly the radius

              Table 

Numerical Values of Functions Appearing in 

      Eqs. (34), (36), (42) and (47)

of drop at any instant t is shown by

and therefore the surface area q of drop is seen 

to be

  (12) W. M. MacNevin and E. W. Balis, J. Am. Chem. 
Soc., 65.660 (1945). 

 (13) 0. S. Smith, Tans. Faraday Soc., 47,63 (1951). 
  (14) D. Movie, Collection Czech. Chem. Communs., 8, 13 

(1936).
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(40)

and the residual surface area g0 is demonstra-

ted by

(41)

Hence the instantaneous current intensity at 

the dropping electrode is manifested by

(42)

From this equation, the current which flows 
at the instant when the preceding drop has 

just fallen off is given by

(43)

According to the Ilkovic theory, it is known 

that

and hence it follows that

(44)

Many oscillographic observations, (10) however, 
indicate that the current intensity at t=0 does 
not diminish away to zero, but shows a finite, 
although small, value. Differentiating Eq. (42) 
with respect to the time and putting t=0 gives

It is required by the Ilkovic theory that

(45)

(46)

which does not agree with the oscillogaphic 
findings. For the large value of t, since vt is 
much greater than V0, it follows from Eqs. (22) 
and (42) that

(47)

which is completely in accordance with the old 
theory of Ilkovic,(5) neglecting the effect of 
compressions of the diffusion layer by the 
expansion of mercury drop. 

 It may be concluded that the instantaneous 
current at the dropping electrode starts from a 
certain small value given by Eq. (43) and at 
first decreases rapidly but soon it begins to 
increase as indicated by Eq. (42) and finally 
becomes asymptotically identical with that 
predicted by the Ilkovic theory. Such a course

of current change as is reported by McKenzie(15) 

and by us(10) is first comprehensible from our 

theory which takes the diffusion process and 

the electrode reaction into consideration at 
the same time.

Fig. 3.-Current-time curve at the 
      dropping electrode.

 In the Table are given the numerical values 
of the functions appearing in Eqs. (42) and 
(47). For the sake of simplicity, it is assumed 
that s=1 and v/V0=103. Randles(16) gives the
value 6×10-3 for the electrode reaction con-

scant of zinc ion in potassium chloride solution.

The internal radius of capillary electrode is said

to be about 20～30μ, and v under the ordinary

condition is about 10-4 cc./sec. Curve (a) in 
Fig. 3 shows the theoretical current-time curve 

plotted according to Eq. (42) and curve (b) is 
drawn by Eq. (47). In the above considera-
tions the effects produced by the convection
of solution due to the expansion(5-8) of drop

and by the curvature(9～11) of mercury drop are

ignored; it may be said, however, that the 
reason why the current intensity increases very 
slowly in the infancy of drop-life is cleared up. 
 Randles(16) states that the rate constant k 
decreases remarkably with the addition of 

gelatine. On the other hand, it is well known 
that the mobility of an ion, and hence the dif-
fusion coefficient, are hardly effected thereby.(17) 
It is noteworthy that the polarographic current-
time curve is much effected by the addition of 

gelatine, as observed by us(10); this will be 
elucidated by the above theory which regards 
the electrode reaction as an ensemble of the 
diffusion and electrode process.

 (15) H. A. Mc%enzie, J. Am Chem. Soc., 70, 3147(1948). 
  (16) J. E. B. Bandles, Discuss. Faraday Soc., No. 1., 11 
(1947). 

 (17) H. Ulich, "Elektrische Leitfahigkeit. Flussigkeiten 
und Losungen" in "Hand- und Jahrbuch der ehemischen 
Phyeik" herausgegeben von A. Eucken und K. L. Wolf. 
Bd. 6/Abeohnitt II. (1933) S. 150.
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 Note:-(1) The investigation by Koutecky 
and Brdicka(18) on the reaction current is the 
direct motive for the present paper. In their 
communication the numerical value of the 
integral defined by

is tabulated, and this tabulation may be con-
venient for the study of the polarograpbic mean 
diffusion current; but it is pointed out that 
this table contains some miscalculations. (19) 

 (2) In the monograph by Frank and v. 
Mises, (20) the special case that is shown by

is discussed. This condition corresponds to the 

problem of diffusion through a diaphragm, and 
its conclusion is immediately obtainable from 
Eq. (18).

            Summary 

 The differential equation of linear diffusion 
was solved with the boundary condition con-
trolled by the chemical kinetics. The result 
obtained gives the rate of the consecutive 
reaction consisting of the diffusion process and 
the electrode process. This theory can explain 
the course of the polarographic current-time 
curve very well. 

           Agricultural Chemical Laboratory 
             Faculty of Agriculture, Kyoto 

                  University, Kyoto

  (18) J. %outecky and B. Brdicks, Collection Czech, Chem. 
Communs., 12, 337 (1947). 
  (19) J. Roryta, Proceedings of the I. Intern. Polarogra-

phic Congress in Prague. Part 1., p. 794, 798. (1961) 
 (20) Reference 4. p. 237.


